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Abstract. In a recent work Zhang, Li and Noh [Phys. Lett. B 694, 177 (2010)] proposed
a model for dark energy assuming this component strictly obeys the holographic principle.
They performed a dynamical system analysis, finding a scaling solution which is helpful to
solve the coincidence problem. However they need explicitly a cosmological constant. In
this paper we derive an explicit analytical solution, without Λ, that shows agreement with
the Supernovae data. However this solution is not physical because violate all the energy
conditions.
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1 Introduction
The accelerated expansion of the Universe is one of the biggest challenges for science today.
The source of this mysterious cosmic acceleration is dubbed dark energy (DE). Although the
first evidence arrived from studies of Type Ia supernova (SNIa) [1], we have strong indications
also from large scale structure (LSS)[2], cosmic microwave background (CMB)[3], the inte-
grated Sachs–Wolfe effect (ISW)[4], baryonic acoustic oscillations (BAO)[5] and gravitational
lensing [6]. The simplest way to fit these multiple data is by introducing a constant Λ in the
theory; the so far successful Λ cold dark matter (ΛCDM) model. However it suffers from two
main problems: the low value of the vacuum energy and the coincidence problem [7]. Thus,
it seems necessary to assume the existence of a dynamical cosmological constant, which leads
to consider dynamical DE models as scalar field models (e.g., quintessence [8], K-essence [9]
and tachyon fields [10]). Another way to consider dynamical models is assume the existence
of interactions in the dark sector (DE and dark matter) [11]. Because both dark components
are characterized through their gravitational effects, it is natural to consider unified models
of the cosmological substratum in which one single component plays the role of DM and DE
simultaneously. Examples of this type of models are the Chaplygin gas [12], and bulk-viscous
models [13].
The holographic dark energy is one of the emergent dynamical DE model proposed
in the context of fundamental principle of quantum gravity, so called holographic principle.
This principle arose due to development in the study of black hole theory and string theory.
The holographic principle states that the number of degrees of freedom of a physical system,
apart of being constrained by an infrared cut-off, it should be finite and it should scale with
its bounding area rather than with its volume[14]. Specifically, it is derived with the help of
entropy-area relation of thermodynamics of black hole horizons in general relativity which
is also known as the Bekenstein-Hawking entropy bound, i.e., S ≃ M2pL2, where S is the
maximum entropy of the system of length L and Mp = 1/
√
8piG is the reduced Planck mass.
In general terms, the inclusion of the holographic principle into cosmology, it was possible
to find the upper bound of the entropy contained in the universe[15]. Using this idea Cohen
[16] suggested a relation between the short distance (ultraviolet, UV) cutoff and the long
distance (infrared, IR) cutoff which, after identifying infrared with the Hubble radius H−1,
resulted in a DE density very close to the observed critical energy density. After this, Li [17]
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studied the use of both the particle and event horizons as the IR cutoff length. He found that
apparently only a future event horizon cutoff can give a viable DE model. More recently, it
was proposed a new cutoff scale, given by the Ricci scalar curvature [18, 19], resulting in the
so-called holographic Ricci DE models.
In [20] a new holographic model was proposed assuming that DE obeys strictly an
holographic principle. They performed a dynamical system analysis finding a stable DM-DE
solution which ameliorate the coincidence problem, however they mentioned the necessity
to add an explicit cosmological constant to obtain an accelerated expansion. Actually this
claim was reinforced again in [21] where the authors proposed a generalization of the original
model.
In this paper we revisit the original model, and show that it is possible to find an
analytic solution that shows an accelerated expansion evolution, and also we show that this
solution is in agreement with the latest supernovae data. However we also show that this
solution is not physical because it violates the weak-energy-condition.
2 The semi-holographic model
In an adiabatically evolving universe, the first law of thermodynamics equals the continuity
equation. In a comoving volume the first law reads,
dU = TdS − pdV, (2.1)
where U = 43piρa
3 is the energy in this volume for the spatially flat case, T denotes tem-
perature, S represents the entropy of this volume, and V stands for the physical volume
V = 43pia
3, ρ is the energy density and a denotes the scale factor. In this paper we only
consider the flat case.
In [20] the authors write the entropy in the apparent horizon in a comoving volume as
Sc =
8pi2µ2
H2
a3
H−3
= 8pi2µ2Ha3. (2.2)
following [22, 23]. Here H is the Hubble parameter, and µ denotes the reduced Planck mass.
The semi holographic model emerge from here assuming the dark energy satisfy a similar
relation
Sde = 8pi
2µ2Ha3. (2.3)
Because the expansion is adiabatic, the dark matter entropy contribution is
Sdm = C − Sde, (2.4)
where C is a constant representing the total entropy of the comoving volume. From the Fried-
mann equation we can obtain the expressions to relate the entropies with the corresponding
energy densities, as
H2 =
1
3µ2
(ρdm + ρde + Λ), (2.5)
where ρdm denotes the density of dark matter, ρde denotes the density of dark energy. Λ is
a cosmological constant term, which was claimed necessary in the original treatment [20],
however we can safely set to zero as we will see in short. The holographic principle requires
also that the temperature [22] is related to the Hubble function as
T =
H
2pi
. (2.6)
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which close the necessary system of equations.
The dark energy evolution equation can be obtained from the combination of (2.6),
(2.5), and (2.3), in the first law (2.1):
2
3
ρ′de = ρdm(1− ωdm)− ρde(1 + 3ωde), (2.7)
where a prime means ′ = d/d log a, ωdm indicates the equation of state (EOS) parameter of
dark matter, and ωde represents the EOS parameter of dark energy. Using instead of (2.3)
the complementary relation (2.4) for dark matter we find
2
3
ρ′dm = −ρdm(3 + ωdm) + ρde(−1 + ωde). (2.8)
3 The analytical solution
Let us to consider the system (2.7) and (2.8). This system can be written as u′ =Mu where
u = (ρde, ρdm) is the vector containing the energy densities and M is the following matrix
M =
3
2
[−1− 3ωde 1− ωdm
−1 + ωde −3− ωdm
]
. (3.1)
A standard procedure leads to the analytic solution. They are linear combinations of the
roots r of the quadratic equation
det (M − rI) = 0, (3.2)
Explicitly we found,
ρde = f(z)
{
a[1− (1 + z) 3κ2 ] + ρ(0)de [1 + (1 + z)
3κ
2 ]
}
ρdm = f(z)
{
b[1− (1 + z) 3κ2 ] + ρ(0)dm[1 + (1 + z)
3κ
2 ]
}
(3.3)
where
a = ρ
(0)
de (2− 3ωde + ωdm) + 2ρ
(0)
dm(1− ωdm),
b = 2ρ
(0)
de (−1 + ωde) + ρ
(0)
dm(−2 + 3ωde − ωdm),
κ =
√
(ωde − ωdm)(−8 + 9ωde − ωdm),
and finally the function
f(z) =
1
2κ
(1 + z)
3
4
(4+3ωde+ωdm−κ). (3.4)
Clearly to get real energy densities first we need to impose the condition
(ωde − ωdm)(−8 + 9ωde − ωdm) ≥ 0. (3.5)
We also need to consider the stability of the solution. The critical points of the system are
ρ
(C)
de = 0, ρ
(C)
dm = 0. (3.6)
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Note, from (3.3) and (3.4) that these critical points occur at z = −1. However, as we shall see
in section 5, depending on the initial conditions, we find that one of these solutions becomes
zero for z > 0.
In order to obtain a stability analysis of the dynamical system, we study the perturba-
tions in turn of the critical points. This drive us to a general expression T =Mδ, where
T =
(
dδρde
ds
dδρdm
ds
)
, δ =
(
δρde
δρdm
)
, (3.7)
and M is the matrix (3.1).
The corresponding eigenvalues are given by
λ1,2 = −
3
4
(4 + 3ωde + ωdm ± κ) , (3.8)
which shows that the system is stable if and only if the condition κ < 4 + 3ωde + ωdm is
satisfied (λ1 < 0). The physically acceptable solution of this inequality can be written as
− 1 < ωdm < 1, and −
1
2 + ωdm
< ωde ≤ ωdm, (3.9)
which we have plotted in Fig. 1 as the shaded area in the ωde-ωdm plane.
4 The observational support
Using the analytical solution presented in the previous section we can test it against the
observations. In this section we use the latest supernova Ia data – the Union 2.1 set –
consisting in 580 SNIa points [24]. The SNIa data give the distance modulus as a function of
redshift µobs(z). Theoretically the distance modulus is a function of the cosmology through
the luminosity distance
dL(z) = (1 + z)
c
H0
∫ z
0
dz′
E(z′)
, (4.1)
valid for a flat universe with E(z) = H(z)/H0. Explicitly the theoretical value is computed by
µ(z) = 5 log10[dL(z)/Mpc] + 25. We fit the SNIa with the cosmological model by minimizing
the χ2 value defined by
χ2 =
580∑
i=1
[µ(zi)− µobs(zi)]2
σ2µi
, (4.2)
Assuming a flat geometry with today values Ωdm = 0.24 and Ωde = 0.76 we obtain a best
fit with χ2min = 562.21 and best fit values ωde = −0.82 and ωdm = −0.51 with confidence
contours at 68.27% and 95.45% shown in Figure 1. In this plot we also display the allowed
region in the parameter space for which the solution exist and is stable discussed in the last
section. Furthermore, to compare the performance of the model, we also consider the result
in two extreme cases: Ωdm = 0, Ωde = 1 and Ωdm = 1, Ωde = 0, whose results are displayed
in Table I, showing that although it is possible to find a set of parameter that fit the SNIa
data, as can be seen from the figure, they all fall into a forbidden region even at one sigma.
The consequences of this are discussed in the next section.
This means that we can fit the supernova data without using an explicit cosmological
constant, as was stressed in [20]. Actually, reconstructing the deceleration parameter as a
function of the redshift q(z) (see Fig. 2) we conclude that this model describes an accelerated
expansion without a cosmological constant.
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Table 1. The best fit values for the free parameters using the SNIa data in a flat universe. We also
show the χ2
min
of the fit divided by the effective degrees of freedom. In Fig. 1 we show the confidence
contour for each case together the forbidden region in the free parameters.
Case Ωdm Ωde χ
2
min/d.o.f. ωdm ωde
A 1 0 562.44/578 -0.78 -1.3
B 0.24 0.76 562.21/578 -0.51 -0.83
C 0 1 562.21/578 -0.44 -0.74
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
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1.0
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Ω
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Figure 1. Here we show the confidence contour for each case described in Table 1 together the
forbidden region in the free parameters obtained in the previous section. Note that the three confidence
contours are centered in the forbidden region.
5 Violation of the weak energy condition
However, there is a fatal failure in this model: there is no chance to satisfied the weak energy
condition. This can be viewed from the explicit solution we have found (3.3). In fact, based
on the best fit values found in the previous section, we plot the energy densities as a function
of redshift in Figure 2, where it is clear that although both energy densities are positive at
z = 0, one of them (in this case ρde) falls below zero near z ≃ 0.3.
In general, assuming initial values ρ
(0)
de ≥ 0 and ρ
(0)
dm ≥ 0 in the regime where κ is real,
it is clear that both factors a and b in (3.3) should be negative simultaneously to get both
energy densities positively defined. However, as a direct computation shows, if we have one
of these parameters positive (negative), the other results to be negative (positive).
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Figure 2. Left Panel: The deceleration parameter reconstructed from the best fit H(z) function.
Right Panel: Here we plot the analytic solutions (3.3) of the energy densities, ρde and ρdm as a
function of redshift, using the best fit values for the parameters found in the previous section. Notice
how ρde falls to negative values near z ≃ 0.3.
6 Summary
In this paper we have reviewed the semi-holographic model presented by Zhang, Li and Noh
[20]. From this, we have found the analytical solutions to the dynamical system generated by
this model, Eqs. (3.3), without a cosmological constant. Also, we have studied the stability
of the system, which drive us to impose constraints on the EoS parameters, ωdm and ωde,
Eqs. (3.5) and (3.9). Based on this analysis, we determine the allowed region in parameter
space to get stable solutions, which does not agree with those mentioned in [20] (see eqs. (23)
and (24) in this reference). The analytical solution of the model was also tested against the
latest available observational data from Supernovas Ia, which is a set of 580 points for the
module distance. Assuming a flat geometry with today values Ωdm = 0.24 and Ωde = 0.76,
we obtain a best fit with χ2min = 562.21 and best fit values ωde = −0.82 and ωdm = −0.51
with confidence contours at 68.27% and 95.45% shown in Figure (1). We have also considered
two other cases whose results are displayed in Table I and Figure 1. However, our analysis
show that this model is not realistic because it does not satisfy the weak energy condition.
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